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1 Previous Class Definitions

The previously defined Layer Dense, Activation_ ReLU, Activation_Softmax, Loss,
Loss_ CategoricalCrossEntropy classes.

[1]: # <mports
import matplotlib.pyplot as plt
import numpy as np
import nnfs
from nnfs.datasets import spiral_data, vertical_data
nnfs.init()

[2]: | class Layer_Dense:
def __init__(self, n_inputs, n_neurons):
# Initialize the weights and biases
self .weights = 0.01 * np.random.randn(n_inputs, n_neurons) # Normal
wdtstribution of weights
self .biases = np.zeros((1l, n_neurons))

def forward(self, inputs):
# Calculate the output values from inputs, weights, and biases
self .output = np.dot(inputs, self.weights) + self.biases #
~Weights are already transposed

class Activation_ReLU:
def forward(self, inputs):
self.output = np.maximum(0, inputs)

class Activation_Softmax:
def forward(self, inputs):
# Get the unnormalized probabilities
# Subtract maxz from the row to prevent larger numbers
exp_values = np.exp(inputs - np.max(inputs, axis=1, keepdims=True))

# Normalize the probabilities with element wise division
probabilities = exp_values / np.sum(exp_values, axis=1,keepdims=True)
self.output = probabilities



# Base class for Loss functions
class Loss:
"'"'Calculates the data and regularization losses given
model output and ground truth values'''
def calculate(self, output, y):
sample_losses = self.forward(output, y)
data_loss = np.average(sample_losses)
return data_loss

class Loss_CategoricalCrossEntropy(Loss):
def forward(self, y_pred, y_true):
""'y_pred s the mneural network output
y_true is the ideal output of the neural network'''
samples = len(y_pred)
# Bound the predicted wvalues

y_pred_clipped = np.clip(y_pred, le-7, 1-1le-7)

if len(y_true.shape) == 1: # Categorically labeled
correct_confidences = y_pred_clipped[range(samples), y_truel

elif len(y_true.shape) == 2: # One hot encoded
correct_confidences = np.sum(y_pred_clipped*y_true, axis=1)

# Calculate the losses
negative_log_likelihoods = -np.log(correct_confidences)
return negative_log_likelihoods

2 Backpropagation of a Single Neuron

Backpropagation helps us find the gradient of the neural network with respect to each of the
parameters (weights and biases) of each neuron.

Imagine a layer that has 3 inputs and 1 neuron. There are 3 inputs (x0, x1, x2), three weights (w0,
wl, w2), 1 bias (b0), and 1 output (z). There is a ReLLU activation layer after the neuron output
going into a square loss function (loss = z~2).

Loss = (ReLU(sum(mul(x0, w0), mul(x1, wl), mul(x2, w2(, b0))))) "2

0Loss() __ dLoss() dReLU() dsum() % dmul(x0,w0)
ow0  — OReLU() dsumy() omul(z0,w0) ow0

6Loss() __ o ReLU (sum(...))

SReLU()

% = 0 if sum(...) is less than 0 and 1 if sum(...) is greater than 0
dsum() -1

omul(z0,w0) —

odmul(z0,w0) __
ow0 =20

This is repeated for w0, w1, w2, bO0.



We then use numerical differentiation to approximate the gradient. Then, we update the parameters

. . . _ . 6Loss()
using small step sizes, such that wO[i + 1] = w0[i] — step * 5

[3]: import numpy as np

# Initial parameters

weights = np.array([-3.0, -1.0, 2.0])
bias = 1.0

inputs = np.array([1.0, -2.0, 3.0])
target_output = 0.0

learning_rate = 0.001

def relu(x):
return np.maximum(0, x)

def relu derivative(x):
return np.where(x > 0, 1.0, 0.0)

for iteration in range(200):
# Forward pass
linear_output = np.dot(weights, inputs) + bias
output = relu(linear_output)
loss = (output - target_output) ** 2

# Backward pass to calculate gradient
dloss_doutput = 2 * (output - target_output)
doutput_dlinear = relu_derivative(linear_output)
dlinear_dweights = inputs

dlinear_dbias = 1.0

dloss_dlinear = dloss_doutput * doutput_dlinear
dloss_dweights = dloss_dlinear * dlinear_dweights
dloss_dbias = dloss_dlinear * dlinear_dbias

# Update weights and bias
weights -= learning_rate * dloss_dweights
bias -= learning_rate * dloss_dbias

# Print the loss for this iteration
print(f"Iteration {iteration + 1}, Loss: {loss}")

print("Final weights:", weights)
print ("Final bias:", bias)

Iteration 1, Loss: 36.0

Iteration 2, Loss: 33.872397424621624
Iteration 3, Loss: 31.87054345809546
Iteration 4, Loss: 29.98699091998773
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[5]:

Iteration 197, Loss: 0.00023486641976601822
Iteration 198, Loss: 0.00022098629075865584
Iteration 199, Loss: 0.00020792651372860275
Iteration 200, Loss: 0.00019563773612380077

Final weights: [-3.3990955 -0.20180899 0.80271349]
Final bias: 0.6009044964517248

3 Backpropagation of a Layer

Same thing as a single neuron, but now using matrices to keep track of each neuron in the layer.

If there are multiple input arrays (batches), one can take the summation of the loss from each
batch as a total loss, and therefore the gradient of the total loss with respect to a weight or bias is
the summation of the gradients of each batch’s loss with respect to the weight or bias given that
batch’s input.

In general, the partial derivative of the loss with respect to a specific weight or bias remains the
same across all neurons of that layer for that batch. ie, the weight gradient matrix has the same
column vector for N number of neurons. The bias gradient matrix is similar but is a single row of
N elements for the same value.

import numpy as np

# Initial inputs
inputs = np.array([1, 2, 3, 4])

# Initial weights and biases

weights = np.array([
[0.1, 0.2, 0.3, 0.4],
[0.5, 0.6, 0.7, 0.8],
[0.9, 1.0, 1.1, 1.2]

D

biases = np.array([0.1, 0.2, 0.3])
learning_rate = 0.001
# Add the derivative function to the ReLU class
class Activation_ReLU:

def forward(self, inputs):

return np.maximum(O, inputs)

def derivative(self, inputs):
return np.where(inputs > 0, 1, 0)

relu = Activation_ReLU()

num_iterations = 200



# Training loop
# A single layer of 3 meurons, each with 4 inputs
# The neuron layer %s then fed into a ReLU activation layer
for iteration in range(num_iterations):
# Forward pass
neuron_outputs = np.dot(weights, inputs) + biases
relu_outputs = relu.forward(neuron_outputs)

# Calculate the squared loss assuming the desired output is a sum of 0.,
<Trivial but just an example

final_output = np.sum(relu_outputs)

loss = final_output**2

# Backward pass

dL_dfinal_output = 2 * final_output
dfinal_output_drelu_output = np.ones_like(relu_outputs)
drelu_output_dneuron_output = relu.derivative(neuron_outputs)

dL_dneuron_output = dL_dfinal_output * dfinal_output_drelu_output *,
~drelu_output_dneuron_output

# Get the gradient of the Loss with respect to the weights and biases
# dL_dW = np.outer(dL_dneuron_output, inputs)

dL_dW = inputs.reshape(-1, 1) @ dL_dneuron_output.reshape(l, -1)
dL_db = dL_dneuron_output

# Update the weights and biases

# Remove the .T if using dL_dW = np.outer(dL_dneuron_output, inputs)
weights -= learning rate * dL_dW.T

biases -= learning_rate * dL_db

# Print the loss every 20 iterations
if iteration % 20 ==
print(f"Iteration {iteration}, Loss: {loss}")

# Final weights and biases
print("Final weights:\n", weights)
print("Final biases:\n", biases)

Iteration 0, Loss: 466.56000000000006
Iteration 20, Loss: 5.329595763793193
Iteration 40, Loss: 0.41191524253483786
Iteration 60, Loss: 0.03183621475376345
Iteration 80, Loss: 0.002460565405431671
Iteration 100, Loss: 0.0001901729121621426
Iteration 120, Loss: 1.4698120139337557e-05



[ 1:

Iteration 140, Loss: 1.1359948840900371e-06
Iteration 160, Loss: 8.779778427447647e-08
Iteration 180, Loss: 6.785903626216421e-09
Final weights:
[[-0.00698895 -0.0139779 -0.02096685 -0.0279558 1]
[ 0.25975286 0.11950571 -0.02074143 -0.16098857]
[ 0.53548461 0.27096922 0.00645383 -0.25806156]1]
Final biases:
[-0.00698895 -0.04024714 -0.06451539]

3.1 Change of Notation

The previous notation is clunky and long. From here forward, we will use the following notation
for a layer with n inputs and ¢ neurons. The neruon layer has is followed by an activation layer
and then fed into a final value y with a computed loss [. There can be j batches of data.

—

X' - [ZL‘U .'L‘Q

f :an] -> Row vector for the layer inputs for the j batch of data.

J

w, Wy Wyp o Wiy

W = ufz = w.21 w.22 w?” -> Matrix of weight values. Each row is a neuron’s weights
w; Wiy Wig -0 Wy

and each column is the weights for a given input.

B = [by by, -+ b;] -> Row vector for the neuron biases

qu = [zlj Zoj zij] -> Row vector for the neuron outputs for the j batch of data.

/Yj = [alj agj -+ aij] -> Row vector for the activation later outputs for the j batch of data.

y; -> Final layer output for the j batch of data if the layer is the final layer (could be summation,
probability, etc).

l; -> Loss for the j batch of data.

The j is often dropped because we typically only need to think with 1 set of input data.

3.1.1 Gradient Descent Using New Notation

We will look at the weight that the ¢ neuron applies for the n input.

ol _ dl dy da; bz
ow;,  O0yda; dz; dw,,

Similarly, for the bias of the 7 neuron, there is

Sl 8l by da; 0z;
ob;, — oy da; dz; Ob;

For the system we are using, where [ = (y — 0)? and the activation layer is ReLU, we have

sl
5y =2
Sy _
éai_l
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[13]:

%9, — 1 if z; > 0 else 0

0z, =

6z, z
ow;, M

0z; _
ob; 1

k3

3.1.2 Matrix Representation of Gradient Descent

8L by da; _ Ol ¢ 5 common term.
oy da; 6z, 0z;

We can simplify by seeing that
We take % and turn it into a 1 x % vector that such that

o _[oL & L
§Z — |6z Oz 0z;

We than can get that the gradient matrix for all weights is a ¢ x n matrix given by

L T ./ oL ol
BTN S i I i I ) o
el T e L -l R LR R
5l s el Sl Sl
ow;q dw, o ow;, 0z, 6z,
Similarly, the gradient vector for the biases is given by 5% = g—ﬂg—? :T[% % 5‘2]

# Code changed to match new notation
import numpy as np

# Initial inputs
X = np.array([1, 2, 3, 4])

H*

Initial weights and biases

W = np.array([
(0.1, 0.2, 0.3, 0.4],
[0.5, 0.6, 0.7, 0.8],
(0.9, 1.0, 1.1, 1.2]

D

B = np.array([0.1, 0.2, 0.3])
learning_rate = 0.001
# Add the derivative function to the ReLU class
class Activation_ReLU:
def forward(self, inputs):

return np.maximum(0, inputs)

def derivative(self, inputs):
return np.where(inputs > 0, 1, 0)

relu = Activation_ReLU()

11



num_iterations = 200

# Training loop
# A single layer of 3 meurons, each with 4 inputs
# The neuron layer %s then fed into a ReLU activation layer
for iteration in range(num_iterations):
# Forward pass
Z = np.dot(W, X) + B
A = relu.forward(Z)

# Calculate the squared loss assuming the desired output is a sum of 0.,
~Trivial but just an example

y = np.sum(A)

1 = y*x*x2

# Backward pass
dL_dy = 2 * y

dy_dA = np.ones_like(A)
dA_dZ = relu.derivative(Z)
dl_dZ = dL_dy * dy_dA * dA_dZ

# Get the gradient of the Loss with respect to the weights and biases
dL_dW = np.outer(X.T, d1_dZ)
dL_dB = dl1_dZ

# Update the weights and biases
W -= learning rate * dL_dW.T
B -= learning_rate * dL_dB

# Print the loss every 20 iterations
if iteration 7 20 ==
print(f"Iteration {iteration}, Loss: {1}")

# Final weights and biases
print("Final weights:\n", W)
print("Final biases:\n", B)

Iteration 0, Loss: 466.56000000000006
Iteration 20, Loss: 5.32959636083938
Iteration 40, Loss: 0.41191523404899866
Iteration 60, Loss: 0.031836212079467595
Iteration 80, Loss: 0.002460565465389601
Iteration 100, Loss: 0.000190172825660145
Iteration 120, Loss: 1.4698126966451542e-05
Iteration 140, Loss: 1.1359926717815175e-06
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Iteration 160, Loss: 8.779889800154524¢-08
Iteration 180, Loss: 6.7858241357822796e-09
Final weights:
[[-0.00698895 -0.01397789 -0.02096684 -0.02795579]
[ 0.25975286 0.11950572 -0.02074143 -0.16098857]
[ 0.53548461 0.27096922 0.00645383 -0.25806156]1]
Final biases:
[-0.00698895 -0.04024714 -0.06451539]

4 Gradients of the Loss with Respect to Inputs

When chaining multiple layers together, we will need the partial derivatives of the loss with respect
to the next layers input (ie, the output of the current layer). This involves extra summation because
the output of 1 layer is fed into every neuron of the next layer, so the total loss must be found.

The gradient of the loss with respect to the n input fed into ¢ neurons is

51 S8l bz 8l 0z, Sl 6z
ox,, ~ 0z 0z, + 0zy 0, +o Tt 0z; 0z,
Noting that szi = w,, allows us to have
In
Wi Wio
o _[eL oL L] _ e 8 o] |W2r Wi
§X T |9z, Oz, ox, | = |dz; Oz 0z, : :
Wi1  Wia

4.1 Note With Layer_ Dense class

wy
Wo

n

n

Win

The Layer_Dense class has the weights stored in the transposed fashion for forward propagation.
Therefore, the weight matrix must be transposed for the backpropagation.
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